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ABSTRACT

Intermittent swimming and schooling individually offer the possibility of energy economy for fish. To study the role of the simultaneous use
of both behaviors, the intermittent swimming of two self-propelled plates in tandem configuration is investigated numerically. Two intermit-
tent swimming modes, i.e., the multiple-tail beat (MT) mode and the half-tail beat (HT) mode, are considered. For solitary plate swimming
intermittently while maintaining fixed bout period, the propulsion velocity and energy consumption decrease monotonically as the duty cycle
increases, consistent with the prediction of the reduced-order model. A pair of plates swimming with independent duty cycle can form
orderly configurations, without separating or colliding, when their duty cycles are similar. For the MT mode, the asymmetric wake of the
leader enhances the drag on the following plate by inducing an additional oncoming flow against it, making the follower harder to follow.
For the HT mode, the symmetric wake of the leader reduces the drag on the follower, making it easier to follow. No significant difference
was found in the propulsive performance of intermittent swimming between the leading plate in orderly configurations and solitary plate.
The results of efficiency indicate that the HT mode is more economical than the MT mode for the follower. Usually, the smaller the equilib-
rium gap spacing is, the more efficient the follower is. The results of the cost of transport show that the follower achieves better energy econ-
omy for higher propulsion velocity. The results provide some insight into the collective intermittent swimming of fish and are helpful for
bionic design.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0078829

I. INTRODUCTION

Fish schooling is a frequently observed fish behavior in nature.
About 25% of adult fishes exhibit schooling behavior, whereas approx-
imately 50% of fish species tend to school during their juvenile stage.1

Reducing the energy expenditure of fish has been suggested as one of
several possible advantages to schooling.1–3 For example, the maxi-
mum duration of the fish swimming in schools is observed to be two
to six times longer than that of solitary fish.4 In general, the decrease
in tail beat frequency can be considered as a decrease in energy con-
sumption. It was observed that the tail beat frequency of Pacific mack-
erel in a school is lower than that of a solitary swimming fish,5 and the
tail beat frequency of the fish swimming at the rear of the school is
smaller compared with the fish at the front of the school.6 In such col-
lective swimming, individuals are oriented in the same direction,
maintain a certain distance from each other, and exhibit coordinated
and correlated swimming.7,8

Another interesting feature of the collective behavior of fishes is
that they are self-organized and self-emergent due to flow-mediated
interactions. Weihs2 proposed a hydrodynamic model that reduces a
fivefold energy expenditure by steadily swimming in a lattice-like con-
figuration. Lighthill9 further conjectured that such stable configura-
tions can be formed spontaneously due to the hydrodynamic effect,
without the need for active control mechanisms or collective decision-
making. However, Weihs’ prediction2 and Lighthill’s conjecture9 are
hardly observed in nature.3,10 Considering some constraints in the
experimental observation of living animals in terms of operability and
measurability, a proven strategy for studying the hydrodynamic inter-
actions of animal swimming is to use actively flapping foils/plates as
analogues of fish/fins. Because this approach allows for precise mea-
surement and control of motions and hydrodynamic characteristics,
there have been a great deal of studies that use systems of actuated
foils/plates to study the biologically inspired flow interactions
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experimentally and numerically. The foils/plates could either be fixed
within an oncoming flow11–14 or self-propelled through a flow.15–22

Through these works, we can get some general ideas. For example, the
orderly formations of multiple self-propelled flapping plates/foils can
be spontaneously achieved via flow-mediated interactions,15–17 which
confirms Lighthill’s conjecture. Due to the spatial periodicity of the
reversed vortex street shed by the leader, the follower usually has mul-
tiple stable following positions. Moreover, the propulsive performance
of the follower can be significantly improved in the stable configura-
tion compared with that of solitary swimmers with the same flapping
kinematics.15

To date, these experimental/numerical studies, using multiple
self-propelled flapping foils/plates to simulate fish schooling have all
assumed that the bodies are actuated by continuous, sinusoidal flap-
ping motions. In general, however, fish do not swim continuously.
Many fish species swim intermittently using a burst-and-coast (B&C)
strategy,23 such as northern anchovy,24 golden shiner,25 koi carps,26

cod,27,28 saithe,27 zebrafish,29,30 Hemigrammus bleheri,31,32 and Pacific
bluefin tuna.33 The B&C swimming, also called intermittent locomo-
tion, is characterized by a two-phase periodic behavior of alternating
accelerations (burst phase) with glides (coast phase).

Energy economy has also been considered the main reason that
fish adopt a B&C swimming strategy.26,27,34–36 Lighthill36 originally
proposed that the B&C swimming can reduce skin friction drag during
coast phase and save fish energy by taking advantage of the viscous
Bone–Lighthill boundary layer thinning mechanism. Weihs34 further
showed that intermittent swimming can reduce energy expenditure by
50% compared with continuous swimming with the same average
speed. His model was tested by Videler and Weihs,27 and the results
showed that the experimental values for cod and saithe remarkably
agree with the model’s prediction. Wu et al.26 suggested that nearly
45% of energy is saved when B&C swimming is used by the koi craps
compared with continuous swimming with the same average speed.
Recently, Akoz and Moored37 showed that, in addition to a viscous
mechanism,36 there is also an inviscid Garrick mechanism that
accounts for most of the observed energy savings by using a B&C
swimming strategy. Akoz et al.38 further studied intermittent unsteady
propulsion with a combined heaving and pitching foil, and discovered
that pitch-dominated motions and heave-dominated motions are
driven by added mass-based mechanism and circulatory-based mecha-
nism, respectively.

In some recent numerical and experimental works of bio-
inspired propulsors,39–41 it is confirmed that the intermittent style
enjoys some advantages in regard to energy efficiency over the contin-
uous one. However, there are also some disagreements regarding the
energy efficiencies. In the inviscid numerical simulations of an inter-
mittently pitching hydrofoil, it was discovered that continuous swim-
ming can actually be more economical when the Reynolds number or
the duty cycle is sufficiently low.37 Dai et al.42 also indicated that inter-
mittent locomotion is more economical than the continuous style only
when the Reynolds number is sufficiently large and the duty cycle is
moderate. Liu et al.43 found that intermittent swimming of flexible
plate shows better performance when the bending stiffness is moderate
and the duty cycle is not too small. Gupta et al.44 showed that inter-
mittent swimming is effective for pitching swimming kinematics but
not for undulation swimming kinematics. Ashraf et al.45 further
addressed that intermittent swimming is not always energetically

beneficial to fish, which suggests that the primary purpose of intermit-
tent swimming may not be to conserve energy alone, but a combina-
tion of other functional aspects such as improved sensing and the
likely existence of a minimum tail beat frequency. For example, Bone
et al.46 found that for prolonged swimming at high speeds, the B&C
swimming mode is necessary, because the bulk of fast white anaerobic
musculature can be exhausted within a few minutes when contracting
at full rate.

By measuring the body kinematics of a B&C swimming koi crap,
Wu et al.26 identified two typical burst modes of koi crap, i.e.,
multiple-tail beat (MT) mode and half-tail beat (HT) mode. The two
modes were also observed by Asharf,47 which appear in low-speed
swimming and high-speed swimming, respectively. The simplified
numerical/experimental models of intermittent locomotion have
assumed that the driving motion of the flapping foils/plates adopts the
MT mode and/or the HT mode.37,39–42,45

In addition, the wake structures in intermittent swimming were
found to be very different from that behind a continuous swimmer.
Moreover, due to dissimilarities in the kinematic parameters—the
Reynolds number and the body shape—the wake vortex structures of
intermittent swimmers are also different from case to case.26,37,39–42

The wake vortex morphology is unlike a continuous undulating vortex
pair. It should be noted that the emergent of orderly configurations of
fish schooling is closely related to the periodic wake vortices shed by
the leading fish. For example, Liao showed that the tail beat frequency
of the rainbow trout matches the vortex shedding frequency of the
K�arm�an vortex street.48 Since the wake vortical structures of intermit-
tent swimming are different from that of continuous swimming, it
indicates that the hydrodynamic mechanism behind intermittent
schooling may be more complex than continuous schooling. However,
there are no extensive studies on intermittent schooling in terms of
hydrodynamics.

There have been very few studies on the simultaneous behaviors
of B&C swimming and schooling,25,47 and all of them focus on experi-
mental observations of real fish. Asharf47 showed that the average
bout period Tcyc, that is, the duration of a burst event (TB) and its suc-
cessive coast event (TC), remains relatively constant over the range of
velocities tested. Fish et al.25 also observed that, when fish swim inter-
mittently in formation, despite the longer coast time observed for trail-
ing fish compared with leading fish, no significant differences were
detected for the total time Tcyc of the B&C cycle between fish. The
results also indicate that energy economy through the use of intermit-
tent swimming behavior can be enhanced by swimming in formation,
particularly for trailing fish. Although intermittent locomotion can
reduce the cost of locomotion at the individual level, the link between
the optimization of individual intermittent locomotion and the collec-
tive behavior, especially among members with different duty cycle, is
unknown.

As a natural extension of previous works, the intermittent swim-
ming performance of collective self-propelled flapping plates in tan-
dem configuration is investigated in this paper. The purpose of this
study was to investigate the interaction of schooling and intermittent
swimming style for possible stable configuration and hydrodynamic
advantages. Considering that fish groups involve variation of fin
motions, the flapping kinematics of each plate are independently pre-
scribed and systematically varied, while the forward swimming
motions are free and result from fluid–structure interaction. To our
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knowledge, no such studies have been published. The propulsive per-
formance is compared between solitary plates and a pair of plates in
tandem configuration.

The rest of this paper is arranged as follows. The physical problem,
governing equations, and numerical methods are described in Sec. II.
The results and discussions regarding the propulsive performance
(orderly configurations, swimming speeds, energy cost, efficiency, etc.)
of the intermittent collective locomotion of two self-propelled flapping
plates in tandem configuration and the wake structures are discussed in
Sec. III. The concluding remarks are addressed in Sec. IV. Finally, the
nomenclature, a detailed introduction of the numerical methodology,
and the derivation of the simplified dynamical model are presented in
Appendixes A and B.

II. PROBLEM DESCRIPTION AND NUMERICAL
METHOD
A. Physical problem andmathematical formulation

A computational study is performed to study the collective
dynamic and propulsion performance of two self-propelled plates
flapping intermittently in tandem configuration. The nomenclature
of all key quantities involved in this paper is presented. As shown in
Fig. 1(a), the fish-like swimmer is modeled as an elastic plate driven at
the leading edge by the heaving motions. The plates are allowed to
move freely in the direction aligned with the x axis, as a result of fluid-
structure interactions. The prescribed heaving motions at the leading
edge of the plates are described in Fig. 1(b). The multiple-tail beating
(MT) mode and half-tail beating (HT) mode are assumed here for the
actuation of intermittent swimming. The degree of intermittent locomo-
tion is captured in the duty cycle (DC ¼ Tb=Tcyc for the MT mode,
DC ¼ 2Tb=Tcyc for the HT mode), which is the ratio of the burst phase
to the total flapping cycle Tcyc. Tc is the interval of the coast phase.

Since there is no significant difference in the time duration of one
full B&C cycle between fish in orderly formation,25,47 the total flapping
period Tcyc is the same for the two plates. The flapping amplitude A is
also a fixed parameter, since in the cruising state, the tail beating
amplitude is a constant proportion of the length at all speeds while the
tail beat frequency changes with speed.49 In addition, in the present

work, we do not consider phase shift between the two plates, because
the phase shift for the flapping motion does not affect the interaction
between the follower and the wake left by the leader.15,21

For the B&C swimming of the MT mode, a certain time duration
of passive coasting is interspersed after completing one period of active
bursting. The kinematics for the MT mode can be written as follows:

yhead ¼ A � cos 2pðft � bftcÞ
DC

� �
; ft � bftc � DC;

A; DC < ft � bftc � 1;

8><
>: (1)

where b�c is the symbol for rounded down, yhead is the lateral position
of the leading edge, A is the heaving amplitude, and f ¼ 1=Tcyc is the
flapping frequency for the full cycle.

In the HT mode, certain time durations of passive coasting are
interspersed between two half-periods of active bursting. The pre-
scribed heaving motion at the leading edge is described as follows:

yhead¼

A�cos 2pðft�bftcÞ
DC

� �
; ft�bftc�DC=2;

�A; DC=2<ðft�bftcÞ�0:5;

�A�cos 2pðft�bftc�0:5Þ
DC

� �
; 0:5<ðft�bftcÞ�0:5þDC=2;

A; 0:5þDC=2<ðft�bftcÞ�1:

8>>>>>>>><
>>>>>>>>:

(2)

Since, for the HT mode Tcyc ¼ 2ðTb þ TcÞ. If Tb ¼ Tcyc=2, the inter-
mittent motion becomes continuous motion.

The motion of the fluid is governed by the incompressible
Navier–Stokes equations given by

@u
@t

þ u � ru ¼ � 1
q
rpþ l

q
r2uþ f ; (3)

r � u ¼ 0; (4)

where u is the velocity, p the pressure, q the density of fluid, and l the
dynamic viscosity. f is the Eulerian force acting on the surrounding

FIG. 1. (a) Schematic diagram for the two self-propelled plates driven by plunging motions in tandem configuration. yhead;i and ui are the lateral coordination and propulsion
velocity of the ith plate, respectively. L is the length of each plate. G is the gap spacing between the two plates. (b) Kinematics of the head of the plates for intermittent swim-
ming (in the MT mode and the HT mode) with DC¼ 0.5. Tb and Tc are the time durations for the active and passive phases of B&C swimming, respectively. Tcyc ¼ Tb þ Tc
for MT mode, Tcyc ¼ 2ðTb þ TcÞ for the HT mode.
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fluid due to the immersed boundary (IB), as constrained by the veloc-
ity boundary condition.

The motion of the elastic plate is governed by the nonlinear par-
tial differential equation50

qsh
@2X
@t2

� @

@s
Eh 1�

���� @X@s
����
�1

 !
@X
@s

" #
þ EI

@4X
@s4

¼ Fs; (5)

where s is the Lagrangian coordinate along the plate, X is the position
vector of the plate, qsh is the structural linear mass density, Eh and EI
are the structural stretching rigidity and bending rigidity, respectively.
Fs is the Lagrangian force exerted on the plates by the surrounding
fluid.

In addition to satisfying the prescribed governing equation (1) or
(2), the leading edge of the plate satisfies boundary conditions @X

@s ¼ ex

and �Eh 1� j @X@s j�1
� �

@X
@s þ EI @

3X
@s3 ¼ 0, where ex is the unit vector in

the x direction. The conditions �Eh 1� j @X@s j�1
� �

@X
@s þ EI @

3X
@s3 ¼ 0

and @2X
@s2 ¼ 0 are imposed at the trailing edge.
We choose the reference quantities L, q, and Uref to nondimen-

sionalize the above mathematical formulation, where Uref is the refer-
ence velocity (defined as Uref ¼ Lf ). The dimensionless parameters
are defined as follows: the heaving amplitude is A/L, the Reynolds
number Re ¼ qUref L=l, the bending stiffness K ¼ EI=qU2

ref L
3, the

stretching stiffness S ¼ Eh=qU2
ref L, the mass ratio of the plates

M ¼ qsh=qL, and the gap spacing G/L. In the following descriptions,
A andG denote the normalized quantity A/L and G/L.

B. Numerical method and validation

The Navier–Stokes equations are solved numerically by the lattice
Boltzmann method (LBM).51,52 The deformation and motion of flexi-
ble plates are described by a structural equation, which is solved by a
finite element method53 in the Lagrange coordinate independently.
For each plate, boundary conditions for the leading and trailing ends
are imposed. The movement of each plate (Lagrange points) is coupled
with the LBM solver through the immersed boundary (IB) method.
The body force f in Eq. (3) represents an interaction force between the
fluid and the immersed boundary to enforce the no-slip velocity
boundary condition, which on the Eulerian points can be obtained

from the Lagrangian force Fs using the Dirac d function.54 See
Appendix A for a detailed description of the numerical method.

Based on our convergence studies with different computational
domains, the computational domain is chosen as 50L� 30L in the x
and y direction. The mesh is uniform with spacing Dx ¼ Dy ¼ 0:01L.
The time step is Dt=Tcyc ¼ 1=10 000 with Tcyc being the full flapping
period. Such grid spacing and time step can ensure that the Mach
number is sufficiently low to reduce deleterious compressibility effects
affecting the solution of the lattice Boltzmann equation (LBE). A finite
moving computational domain is used in the x direction. As the plate
travels one mesh spacing in the horizontal direction, the computa-
tional domain is shifted by adding one layer at the inlet and removing
one layer at the outlet.55

To study grid independence and time step independence, the
elastic plate swimming intermittently with the MT mode (DC¼ 0.5) is
simulated. The propulsion velocity and input work of the plate in sim-
ulations with different mesh sizes and time step sizes are shown in
Fig. 2. It is seen that Dx=L ¼ 0:01 and Dt=Tcyc ¼ 0:0001 are sufficient
to achieve accurate results.

In addition, the above numerical strategy has been successfully
applied to a wide range of fluid–structure interaction problems, such
as flow over a circular flexible plate56 or an inversed flexible plate,57

continuous locomotion of one or more flexible flapping plates,17,21,55,58

and intermittent locomotion of a self-propelled flapping plate.43 A
similar numerical strategy was also independently developed by De
Rosis et al.59,60 and was also successfully used to study the aeroelastic
problem of flexible flapping wings.61

III. RESULTS AND DISCUSSION

The dimensionless parameters in the present work are shown in
Table I. Here, the plate is assumed to be inextensible with a large
stretching coefficient S¼ 1000. The mass ratio is chosen as M¼ 0.2,
since the inertial force of the structure for flexible fins is smaller than
the fluid dynamic loading. Kim et al.62 indicates that the inertial force
of the structure does not influence the cruising speed significantly
for M � 1. The bending stiffness K¼ 30 corresponds to high propul-
sive efficiencies,55 which also belongs to the bending stiffness of real
fins, i.e., K � 25� 230 for the tail fin of a goldfish. The Reynolds
number is fixed as Re¼ 200, which belongs to the range of intermit-
tent swimming of some fish. For example, Larval northern anchovy

FIG. 2. The grid independence and time step independence studies for the MT mode with DC¼ 0.5, Re¼ 200, A¼ 0.2, M¼ 0.2, K¼ 30, S¼ 1000. The time evolution of (a)
the propulsion velocity U and (b) the input work W done on the fluid.
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begin to swim intermittently when their typical Reynolds number
reaches Re � 100.29,33

A. Performance of solitary intermittent flapping plate

The aim of this subsection is to give some intuitive understanding
of the propulsive performance and flow field characteristics of solitary
flapping plates swimming intermittently. First, as shown in Fig. 3, the
intermittent swimming of a solitary flexible plate with DC¼ 0.5 is
taken as an example to analyze the deformation, propulsive velocity,
and the input work of flexible plates in a full cycle of B&C swimming.
It is seen that the deformation, the propulsion velocity increase, and
the energy consumption mainly occur in the burst stage (solid line in
Fig. 3). In contrast, in the coast stage (dashed line), the deformation
gradually recovers, the propulsion velocity decreases monotonously,
and there is almost no energy consumption. In addition, in the burst
stage, the increase in deformation and energy consumption mainly
occurs in the flapping acceleration stage.

To analyze the effect of duty cycle on the propulsive performance
of intermittent swimming, the mean propulsion velocity Uc, the mean
input work �W , the propulsive efficiency g, and the cost of transport
(COT) are introduced. The definitions of the above quantities are as
follows:

Uc ¼ � 1
Tcyc

ðt0þTcyc

t0

@X
@t

� �
s¼0

dt; (6)

�W ¼
ðt0þTcyc

t0
aðtÞ

ð1
0
F � @X

@t
ds

" #
dt; (7)

where F represents the force on the surrounding fluid by the plate, and
the shielding function a(t) is defined as

aðtÞ ¼ 0; t 2 coast interval;

1; t 2 burst interval:

(
(8)

The propulsive efficiency g is the ratio of the kinetic energy of the plate
and the input work, i.e.,

g ¼ 1
2
mU2

c = �W : (9)

The cost of transport (COT) of a swimming fish is defined as the met-
abolic energy required to transport a unit mass a unit distance. It
dimensionless form is defined as follows:

COT ¼
�W

MUcTcyc
: (10)

Figure 4 shows the average propulsion velocity Uc and input work
�W as a function of the duty cycle of intermittent swimming. For both
the MTmode and the HTmode, the average propulsion velocityUc and
input work �W decrease monotonically with increase in DC. No signifi-
cant difference was found between the MT mode and the HT mode. It
should be noted that the change ofUc withDC is different from the pre-
vious results.42,43 This is because, in these works the duration of the
burst phase Tb is fixed when DC changes, while in the present work,
the full flapping period Tcyc is fixed when DC changes. To explain the
above results, in Appendix B, a simplified dynamic model is introduced
to predict the relation between the duty cycle DC and the propulsive
performance. By assuming ju� Ucj � jUcj for fixed Tcyc, we can get
a reduced-order relationship, i.e., Uc � b=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DC þ 2DC2

p
and

�W ¼ c= DC
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DC þ 2DC2

p� 	
, where b and c are constant coefficients.

The reduced-order relations are denoted by a solid line in Fig. 4. The
DC � Uc and DC � �W relationships predicted by the model show the
same monotonicity as the numerical results.

Figure 5 shows the swimming efficiency ðgÞ and the cost of trans-
port (COT) of a solitary plate swimming intermittently with the MT
mode and the HT mode, respectively. For the MT mode, the efficiency
g increases monotonically with increase in DC, while for the HT
mode, the relation (g� DC) is not monotonic. It is seen that the MT
mode is slightly more efficient than the HT mode, except for
DC¼ 0.5. The highest efficiency occurs at continuous swimming, i.e.,
DC¼ 1. Figure 5(b) shows that the cost of transport (COT) decreases
monotonically with increase in DC, and the two modes almost coin-
cide. The lowest cost of transport also occurs at DC¼ 1. It is seen from

TABLE I. Key parameters in the simulations.

Reynolds number, Re 200
Heaving amplitude, A 0.2
Mass ratio,M 0.2
Stretching stiffness, S 1000
Bending stiffness, K 30
Duty cycle, DC 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0

FIG. 3. (a) The lateral displacement of the tail relative to the head ðytail � yheadÞ, (b) the propulsive velocity U, and (c) the input power W for the MT mode swimming (blue
curve) and the HT mode swimming (red curve), respectively. The duty cycle is DC¼ 0.5.
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Fig. 5(c) that the cost of transport (COT) increases monotonically
with increase in the propulsion velocity ðUcÞ, which is consistent with
the previous results.42,43

The vortical structures behind the swimmer at various DC values
for the MT mode and the HT mode are compared in Fig. 6. For con-
tinuous swimming (DC¼ 1.0), one pair of vortices is shed from the
tail within a full cycle of flapping, and a reversed Karman vortex street
is formed. With decrease in DC, the number of vortices shed from the
tail in a full flapping period ðTcycÞ shows an increasing trend. For
intermittent swimming with the MT mode, the vortices shed from the
tail are mainly positioned along two lines: the lower vortex street is
formed in the burst phase while the upper vortex street is mainly gen-
erated in the coast phase. When DC is large, such as DC¼ 0.8, the vor-
tex strength of the upper street is weak due to the shorter coast
duration.With an increase inDC, the vortex shedding during the coast
phase is strengthened, and the angle between the two vortex streets
increases. When DC is small, such as DC¼ 0.2, the characteristic of
the two vortex streets disappears, many small vortices shed in the coast
stage, and the relative position of strong vortex dipoles generated dur-
ing the burst phase varies continuously due to vortex induction. For
intermittent swimming with the HT mode, the wake vortices can be
categorized into three vortex streets. The upper vortex street and lower
vortex street consist of strong vortex dipoles formed in the burst phase,
while the middle street is made up of wake vortices shed during the
coast phase. When DC is large, such as DC¼ 0.8 or 0.6, the middle
street is very weak. Due to mutual induction between the other two

vortex streets, they merge into one vortex street in the far-field wake.
For DC¼ 0.2, the vortices generated during the coast stage are mainly
rolled into the two vortex streets formed in the burst stage.

Compared with continuous flapping, the wake of the flexible
plate with intermittent motion is more complex, which means that the
propulsive performance of intermittent collective motion is also more
complex than continuous collective motion. In spite of this, we can still
find the possible influence of vortical wakes of two different modes
(the MT mode and the HT mode) on the follower for a two-plate sys-
tem in tandem configuration. Take DC¼ 0.8 as an example. As shown
in Fig. 6(b), the region between the two dashed lines represents the
motion region of the follower with the same flapping amplitude as the
leader. According to Biot–Savart formula, the velocity of a point
is mainly induced by the vortices near it. Then, we can find from
Fig. 6(b) that, for the MT mode, the vortical wake induces a velocity of
jet type (u0 > 0, where u0 is the streamwise velocity induced by vortices)
for the follower, which may make the follower harder to follow; for the
HTmode, the vortical wake induces a velocity of wake type (u0 < 0) for
the follower, which makes the follower easier to follow the leader. The
conclusion is also true for other DCs, which is verified by Fig. 7.

As shown in Fig. 7, the time-averaged streamwise velocity field of
the MT mode and the HT mode is quite different. For the MT mode,
the time-averaged streamwise velocity field can be divided into two
layers: the upper layer is of jet type ðu0 > 0Þ and the lower layer is of
wake type ðu0 < 0Þ. But for the case of DC¼ 0.2, due to the self-
induction of the far-field wake vortices [as shown in Fig. 6(e)], the

FIG. 4. (a) The average propulsion
velocity Uc and (b) the input work �W for
various duty cycles (DCs) of a solitary
plate swimming intermittently. Tcyc ¼ 1.
fb ¼ 1=ðDC � TcycÞ is the flapping fre-
quency of the burst phase.

FIG. 5. (a) The swimming efficiency g and (b) the cost of transport COT for various duty cycles (DCs) of a solitary plate swimming intermittently. (c) The cost of transport COT
as a function of the propulsion velocity Uc.
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FIG. 6. Instantaneous vorticity contours of the fluid field for B&C swimming of the MT mode (left column) and the HT mode (right column), respectively. The duty cycles corre-
sponding to these vorticity contours are (a) DC¼ 1.0, (b) DC¼ 0.8, (c) DC¼ 0.6, (d) DC¼ 0.4, and (e) DC¼ 0.2, respectively. The contour domain is 24L� 8L.

FIG. 7. Time-averaged streamwise velocity field for the MT mode (left column) and HT mode (right column). The duty cycles are (a) DC¼ 1.0, (b) DC¼ 0.8, (c) DC¼ 0.6, (d)
DC¼ 0.4, (e) DC¼ 0.2, respectively. The contour domain is 24L� 8L.
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time-averaged streamwise velocity field becomes a three-layer struc-
ture in the far-field wake. For the HTmode, the time-averaged stream-
wise velocity field can be divided into three layers: the middle layer is
of wake type, and the upper and lower layers are of jet type.

B. Performance of a two-plate system in tandem
configuration

As mentioned in Sec. I, an interesting feature of collective motion
is that multiple individuals spontaneously form stable configurations
in which the equivalent gap spacing between individuals is constant.
For continuous collective locomotion of flexible plates in tandem con-
figurations, it is found that the follower usually has multiple stable
positions in the wake of the leader due to the spatial periodicity of the
reversed Karman vortex street,15,17 as shown in Fig. 6(a). The equiva-
lent gap spacing [Geq ¼

Ð t0þTcyc

t0 GðtÞdt] between the two plates is
about an integer multiple of the wavelength (k ¼ UcTcyc) of the leader,
as shown in the first subfigure of Fig. 8(a). In this subsection, we will
investigate whether individuals with different intermittent flapping
kinematics can form stable configurations, and the propulsive perfor-
mance of the pair in stable configurations.

The dynamic configurations of the two plates are categorized in
Fig. 8 across the kinematic parameter space of DCL and DCF. DCL and
DCF are the duty cycles of the leader and the follower, respectively.
Each point in Figs. 8(b) and 8(c) represents a case that we simulated.
As shown in Fig. 8(a), the configurations fall into two main categories:
stable orderly configuration with the follower holding a stable position
in the wake of the leader (blue curves) and unstable configuration
where the gap spacing between the pair will continuously increase (red
curves) or decrease (green curves). Figure 4 indicates that when the
duty cycles of the leader and follower differ too much, their individual
propulsion performances could be very different, they could not form
a stable orderly configuration, which is verified by Figs. 8(b) and 8(c).
For example, when (DCL, DCF) belongs to the red point region, the
vortical wake of the leader cannot provide enough constructive
momentum for the follower to obtain the same propulsive velocity as
the leader, and the following plate is left behind by the leader.
Similarly, when (DCL, DCF) belongs to the green point region, the

vortical wake of the leader cannot prevent the follower from getting
close to the leader and colliding with it. When the two plates have sim-
ilar propulsive performance (jDCF � DCLj � 0:2), there is at least one
stable position for the follower. The results are consistent with the
experimental observation of real fish,25 which shows that the trailing
fish in the school is different from the leading fish with increased duty
cycle by 19%. For the MT mode, the pair with the same duty cycle can
form orderly configurations. In contrast, for the HT mode, there are
some exceptions, for example the pair with DCL ¼ DCF ¼ 0:3 or 0.6
cannot form an orderly configuration.

It is known that whether the leader and follower can form orderly
configurations depends on the interaction between the follower and
the vortical wake shedding from the leading.18,21 As shown in Fig. 6,
the vortical wake of the plate swimming intermittently is not distrib-
uted periodically in space, which indicates that, for intermittent swim-
ming, the stable positions of the follower are not as simple as that for
continuous swimming. The initial gap spacing (G0) of the plates will
affect whether the pair can form an orderly configuration and the fol-
lower’s final equilibrium position. In our simulation, for each given
(DCL, DCF), the G0 value is in the range ½1;minð5k; 24LÞ	, the step is
1, and k ¼ UcðDCLÞTcyc is the wavelength of the leader. Figure 9
shows the possible equilibrium gap spacings for the combined param-
eters (DCL, DCF). It is seen that for different (DCL, DCF), the stable
positions of the follower are different. The equilibrium gap spacing of
the pair depends mainly on the wavelength of the leader, which can
approximately denote the spatial characteristics of the leader’s vortical
wake. In addition, once the orderly configuration is formed, the pro-
pulsion velocity depends only on DCL and is not affected by DCF.
Moreover, for each stable configuration, the propulsion velocity of the
pair is the same as that of solitary plate swimming withDC¼ DCL.

According to a previous simplified mode,18,21 the drag on the fol-
lower is proportional to the square of the propulsion velocity relative
to the ambient fluid, i.e., D � ðu2 � u0Þ2. For the follower in orderly
configuration, u2 � �Uc is negative. u0 is the streamwise velocity in
the wake of the leader, of which the time-averaged contour is shown
in Fig. 7. By a reduced-order approximation, we can conclude that, if
the wake of the leader is of wake type ðu0 < 0Þ, the drag on the

FIG. 8. (a) Sketch for multiple stable positions (blue curve) and unstable positions (red and green curves). [(b) and (c)] Parameter space for two plates swimming indepen-
dently and intermittently with the MT mode and the HT mode. DCL and DCF are the duty cycles of the intermittent swimming of the leading plate and following plate, respec-
tively. The dynamical state of the follower is categorized by color.
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following plate will be reduced, whereas if the leader has a jet type
wake ðu0 > 0Þ, then the drag on the follower will be enhanced. For the
MT mode, when the duty cycle is very small, such as DCL ¼ 0:2,
the equilibrium gap spacing is within twice the wavelength, because
the far-field wake of the leader [as shown in Fig. 7(e)] reduces the drag
on the follower, making it continue to approach the leader until it
finds a stable position. In contrast, if the duty cycle is large, such as
DCL > 0:5, the wake of the leader changes into jet type as shown in
Fig. 7. So, for DCF ¼ DCL, if the initial gap spacing G0 is very big, the
follower will be left behind, while for DCF < DCL, there are many sta-
ble positions for the follower. For the HT mode, because the wake of
the leader is of wake type as shown in Fig. 7, the cases with DCF

¼ DCL þ 0:1 have many stable positions, while for DCF ¼ DCL, if the
initial position of the follower is very far from the leader, it will be
sucked to closer stable positions due to reduced drag.

The input works are investigated for those cases with orderly
configurations as shown in Fig. 10. For both modes, there is no signifi-
cant difference in the input work between the leading plate in collec-
tive configuration and solitary plate with the same duty cycle. The
same phenomenon was also found in continuous collective locomo-
tion of foils/plates15,58 and in the intermittent swimming of schooling
fish.25 As shown in Figs. 10(b) and 10(c), for the MT mode with
DCF ¼ DCL ¼ DC, the energy consumption of the follower is smaller
than the leader when DC � 0:5 or DC¼ 1.0. For 0:6 � DC � 0:9,
there are some equilibrium positions for the follower to consume
more energy than solitary plate with the same duty. For DCF > DCL,
the energy consumption of the follower is smaller than the leader. For
DCF < DCL, the energy consumption of the follower is greater than
the leader, but smaller than a solitary plate with the same duty as the
follower. It is shown in Figs. 10(e) and 10(f) that, for the HTmode, the
energy consumption of the follower is smaller than that of the leader,
and is also smaller than that of the solitary plate with the same duty as
the follower [except for ðDCL;DCFÞ ¼ ð0:5; 0:6Þ and ð0:2; 0:6Þ]. By
comparing the MT mode and the HT mode, the results show that the
HT mode can save more energy for the follower because the leading
plate of this mode provides constructive streamwise velocity for the
follower.

In collective locomotion, whether the flapping kinematics is the
same or not, the follower obtains the same propulsion velocity as the
leader, but consumes different energy. It indicates the propulsive effi-
ciency of the follower is also different from that of a solitary one with
the same duty. Figure 11 shows the propulsive efficiency of the fol-
lower for all orderly configurations showed in Fig. 9. For the MT
mode with DCF ¼ DCL ¼ DC, the efficiency of the follower is smaller
than the leader when DC � 0:5 or DC¼ 1.0. For 0:6 � DC � 0:9,
there are some equilibrium positions for the follower to consume
more energy than a solitary plate with the same duty. For DCF > DCL,
the efficiency of the follower is greater than the leader and a solitary
plate with the same duty. ForDCF< DCL, the efficiency of the follower
is smaller than the leader. For the HT mode, the efficiency of the fol-
lower is greater than that of the leader, and is also greater than a soli-
tary plate with the same duty (except for a few points). By comparing
the MT mode and the HT mode, the results show that the HT mode
can be more effective. Moreover, if there are more than one stable
positions, usually the one closest to the leader is most effective. For
example, for ðDCL;DCFÞ ¼ ð0:9; 1:0Þ, the efficiency of the follower at
the nearest stable position can improve more than twice, while that of
the follower at the fifth stable position can only improve 25%.

Figure 12 shows the cost of transport (COTF) of the follower as a
function of the propulsion velocity. It is seen that, when the propulsion
velocity is greater than a critical value (about five for the MT mode,
about four for the HT mode), the cost of transport of the follower is
smaller than that of a solitary plate with the same propulsion velocity.
It indicates that collective intermittent swimming with lower duty
cycle can show better energy economy in terms of the cost of
transport.

IV. CONCLUSIONS

In summary, the propulsive performances of the intermittent
swimming of two self-propelled flapping plates in tandem configura-
tion are investigated numerically. It is found that, for solitary plate
swimming intermittently by maintaining a bout time of unit while
changing the duty cycle, the propulsion velocity and energy consump-
tion decrease monotonically as the duty cycle DC increases, consistent

FIG. 9. The equilibrium gap spacing ðGeqÞ as a function of the duty cycle ðDCLÞ of the leader for (a) the MT mode and (b) the HT mode. k ¼ UcðDCLÞTcyc is the wavelength
of the leader. The color of the points denotes the duty cycle difference ðDCF � DCLÞ of the follower relative to the leader. The size of the points denotes the relative gap spac-
ing of the follower’s stable positions.
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FIG. 10. [(a) and (d)] The leader’s input work ð �W LÞ and [(b) and (e)] the follower’s input work ð �WFÞ as a function of the duty cycle (DCL) of the leader. [(c) and (f)] The fol-
lower’s input work ð �WFÞ as a function of the duty cycle (DCF) of the follower. (a)–(c) The MT mode. (d)–(f) The HT mode.

FIG. 11. The propulsive efficiency ðgFÞ of
the follower as a function of [(a) and (c)]
the duty cycle (DCL) of the leader and [(b)
and (d)] the duty cycle (DCF) of the fol-
lower, respectively. [(a) and (b)] The MT
mode. [(c) and (d)] The HT mode.
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with the prediction of the reduced-order model. No significant differ-
ence of propulsive performance between the MT-mode intermittent
swimming and HT-mode intermittent swimming was found.

The wake structures for the MT-mode intermittent swimming
mainly consist of two vortex streets. The upper street is mainly formed
during the coast phase, while the lower street is formed during the
burst phase. The wake structures for the HT-mode intermittent swim-
ming mainly consist of three vortex streets. The two oblique streets
contain strong vortex dipoles formed during the burst phase, the mid-
dle street is formed by wake vortices shed during the coast phase.
Correspondingly, the time-averaged streamwise velocities of the MT-
mode and HT-mode intermittent swimming are formed by two-layer
structures and three-layer structures, respectively. For the MT mode,
the wake in region y 2 ½�A;A	 is mainly of jet type, except for the far-
field wake of DC¼ 0.2. For the HT mode, the wake in the same region
is of wake type.

For two plates swimming intermittently and independently,
only when their duty cycles are similar can they form a stable config-
uration. For the MT mode, the wake of the leader is mainly of jet
type, enhancing the drag on the follower and making it harder to fol-
low. For the HT mode, the wake of the leader is mainly of wake type,
reducing the drag on the follower and making it easier to follow. No
significant difference was found in the propulsive performance of
intermittent swimming between leading plates in orderly configura-
tions and solitary plates. The results of efficiency indicate that the
HT mode is more economical than the MT mode for the follower.
Usually, the smaller the equilibrium gap spacing is, the more effi-
cient the follower is. The results of the cost of transport show that
the follower can obtain better energy economy for higher propulsion
velocity.

The present results may be helpful to further understand the
combination of intermittent swimming and collective behavior of fish
and may be useful for bionic design.
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NOMENCLATURE

A Flapping amplitude
COT Cost of transport for a unit mass to travel a unit

distance
DC Duty cycle of B&C swimming ðDC ¼ 1=ð1þ Tb=TcÞÞ

DCL, DCF Duty cycles of leading plate and following plate
Eh, EI Structural stretching rigidity and bending rigidity

ex Unit vector in the x direction
Fs Lagrangian force vector
f Flapping frequency of the full cycle ðf ¼ 1=TcycÞ

fb Flapping frequency of the burst phase
ðfb ¼ 1=ðDC � TcycÞ ¼ f =DCÞ

f Eulerian force vector
G Gap spacing between two plates

Geq Equilibrium gap spacing between two plates
K Bending stiffness ðK ¼ EI=qU2

ref L
3Þ

L Length of the plate
M Mass ratio of the plate ðM ¼ qsh=qLÞ
p Pressure of the fluid

Re Reynolds number ðRe ¼ qUref L=lÞ
S Stretching stiffness ðS ¼ Eh=qU2

ref LÞ
s Lagrangian coordinate along the plate

Tb, Tc Burst and coast time in B&C swimming
Tcyc Period of a complete cycle for B&C swimming

t Time
U Dimensionless propulsion velocity

Uc Dimensionless mean propulsion velocity
Uref Reference velocity for nondimensionlization

ðUref ¼ Lf Þ

FIG. 12. The cost of transport ðCOTFÞ of
the follower as a function of the propulsion
velocity (Uc) for (a) the MT mode and (b)
the HT mode, respectively.
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u Velocity vector
u0 Streamwise velocity in the wake of the leader
u0 Time-averaged streamwise velocity in the wake of the

leader
ui Propulsion velocity of the ith plate
W Dimensionless input work
�W Dimensionless mean input work
X Position vector for plate
x Position vector for flow fluid

yhead, ytail Lateral position of the leading edge and the trailing
edge of the plate

g Propulsive efficiency
k The wavelength of the leading plate

ðk ¼ UcðDCLÞTcycÞ
l Dynamic viscosity of the fluid
q Density of the fluid

qsh Structural linear mass density

APPENDIX A: THE NUMERICAL METHOD DETAILS

In the present work, the kinetics of the fluid is governed by the
discrete lattice Boltzmann equation (LBE) of a single relaxation
time model,51,63,64 and the multi-block lattice Boltzmann tech-
nique65 has been incorporated. The LBE with the
Bhatnagar–Gross–Krook (BGK) model66 is

fiðx þ eiDt; t þ DtÞ � fiðx; tÞ ¼ � 1
s

fiðx; tÞ � f eqi ðx; tÞ
 �þ DtFi;

i ¼ 0;…; 8; (A1)

where fi is the ith particle distribution function with discrete speed
ei at position x and time t. Dx and Dt are the grid spacing and time
step, respectively. s ¼ ð�=c2sDt þ 0:5Þ is the nondimensional relaxa-
tion time associated with kinematic viscosity �, where cs ¼
ðDx=DtÞ= ffiffiffi

3
p

is the lattice sound speed. The equilibrium distribu-
tion function f eqi and the forcing term Fi are defined as63,67

f eqi ¼ xiq 1þ ei � u
c2s

þ uu : ðeiei � c2s IÞ
2c4s

" #
; i ¼ 0;…; 8; (A2)

Fi ¼ 1� 1
2s

� �
xi

ei � u
c2s

þ ei � u
c4s

ei
� 

� f ; i ¼ 0;…; 8; (A3)

where xi is the weighting factor depending on the lattice model
(x0 ¼ 4=9; x1 ¼ x2 ¼ x3 ¼ x4 ¼ 1=9; x5 ¼ x6 ¼ x7 ¼ x8

¼ 1=36). q, u, and f are the macroscopic fluid density, velocity, and
body force, respectively, as defined in Eq. (3).

The mass density and velocity can be obtained by the distribu-
tion functions

q ¼
X
i

fi; (A4)

qu ¼
X
i

eifi þ 1
2
fDt: (A5)

Equation (5) for the plate is discretized by a finite element
method. The motion of the plate is handled by the corotational
scheme.53 In this scheme, a local coordinate system is envisioned to

move with each discrete element, and the element behaves linearly
relative to the moving coordinate system. Consequently, the nonlin-
earity of the problem goes to the coordinate transformation.

In the IB method, the Lagrangian interaction force Fs [used in
Eq. (5)] can be calculated by the feedback law54

Fsðs; tÞ ¼ a
ðt
0
V f ðs; t0Þ � V sðs; t0Þ

 �

dt0 þ b V f ðs; tÞ � V sðs; tÞ

 �

;

(A6)

where a and b are free parameters to enforce the no-slip condition,
which are selected based on Hua et al.55 V f is the fluid velocity at
the position of the body, which is obtained by interpolation and
given by

V f ðs; tÞ ¼
ð
C
uðx; tÞdðx � Xðs; tÞÞdx; (A7)

where the plate boundary C is denoted by the Lagrangian coordi-
nates Xðs; tÞ. The Eulerian body force f [used in Eq. (3)] can be cal-
culated as follows:

f ðx; tÞ ¼ �
ð
C
Fsðs; tÞdðx � Xðs; tÞÞds: (A8)

In the present work, a four-point regularized d function54 is used.

APPENDIX B: SIMPLIFIED DYNAMICAL MODEL

Here, we consider the swimming of solitary plate. According
to Newton’s second law,

m _u ¼ T � D; (B1)

where m is the mass of the plate plus some added mass of water.
T and D are the thrust and drag on the plate, respectively.
According to the inviscid flow theory9,69 and the scaling law for
thrust coefficient proposed by Floryan et al.,40 the thrust T
behaves like 2, i.e.,

T ¼ 1
2
qLctv

2 ¼ cv2; (B2)

where ct is the (constant) thrust coefficient, q the fluid density, and
L the length of the plate. The drag of a given rigid body depends on
the square of the propulsion velocity,34 i.e.,

D ¼ 1
2
qLcdu

2 ¼ du2; (B3)

where cd is (constant) drag coefficient. According to the experimen-
tal data for real fish,36,68 the drag of fish when swimming is
increased over the value for a rigid body by a factor ðaÞ of approxi-
mately 3, so during the burst stage, D ¼ adu2.

It is noted that the above modeling strategy (T � v2; D � u2)
has been successfully applied to many studies, such as the predic-
tion of energy economy of intermittent locomotion,27,34 the contin-
uous locomotion of two self-propelled foils/plates,18,21 and good
predictions have been obtained.

Integrating Eq. (B1) in the burst period and coast period (the
MT mode for example), we can obtain
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mðUf � UiÞ ¼
ð
Tb

ðcv2 � adu2Þds; (B4)

mðUi � Uf Þ ¼
ð
Tc

ð�du2Þds; (B5)

where Ui and Uf denote the initial velocity and final velocity of the
burst phase, respectively. Adding Eqs. (B4) and (B5) yieldsð

Tb

cv2dt ¼
ð
Tb

adu2dt þ
ð
Tc

du2dt: (B6)

Substituting Eq. (1) into Eq. (B6), Eq. (B6) can be rewritten as
follows:

2c
d
ðpAÞ2 ¼ Tb

ð
Tb

au2dt þ
ð
Tc

u2dt
� �

; (B7)

where the left-hand side of Eq. (B7) is constant.
To conveniently predict the relation between the propulsion

velocity and the duty cycle, we ignore the change of propulsion
velocity with time and replace u by Uc, and set a ¼ 3; then, Eq. (B7)
can be reduced to

2c
d
ðpAÞ2 ¼ U2

c T
2
cycðDC þ 2DC2Þ: (B8)

So, the relation between the propulsion velocity and the duty cycle
is

Uc ¼ b
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

DC þ 2DC2
p ; (B9)

where b ¼
ffiffiffi
2c
d

q
pA
Tcyc

� �
is a constant coefficient in the present work,

because Tcyc is fixed. The energy required per cycle is

�W ¼
ð
Tb

Tu
g
dt ¼

ð
Tb

cv2u
g

dt: (B10)

At high velocities, the efficiency g can be approximately constant.27

By adopting u ¼ Uc, we can obtain

�W ¼ Uc

g
2cðpAÞ2

Tb
¼ c

1

DC
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DC þ 2DC2

p ; (B11)

where c ¼ 1
g

ffiffiffiffiffi
8c3
d

q
ðpAÞ3
T2
cyc

� �
is a constant coefficient.
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